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A detailed analysis has been carried out by solving coupled energy and mass balance equations along with Helmholtz
equation of microwave propagation to investigate the role of microwave heating strategies in enhancing the progress of a
first-order endothermic reaction in ‘‘thin,’’ ‘‘intermediate,’’ and ‘‘thick’’ regimes of microwave heating. It has been shown
that heating strategy plays a critical role in maximizing the efficiency of microwave heated reactors, where progress of
reactor can be greatly accelerated at a given input power by either configuring microwave sources at both sides of the
reactor or preferentially focusing them on one side. A series of master curves have been provided showing percentage
saving of reaction time in various configurations of microwave heated reactors compared to their conventional
counterparts, which can be efficiently used to select appropriate heating strategy for different dimension and dielectric
properties of the reacting medium. VVC 2012 American Institute of Chemical Engineers AIChE J, 59: 656–670, 2013

Keywords: transport, energy, heat transfer, mathematical modeling, numerical solution

Introduction

High frequency electromagnetic waves within the fre-
quency band of 300 MHz–300 GHz are known to exhibit
volumetric heating effect during their propagation through
polar materials.1 This range of electromagnetic waves is
called microwave and associated heating is called microwave
heating. Microwave heating results from the interaction of
the dipoles of a polar material in presence of electromag-
netic field. During the last few decades, microwave heating
has gained significant popularity over the conventional heat-
ing in various fields on material processing2–13 mainly due
to its quick start up and shorter processing time. In the pre-
vious years, one of the major application of microwave heat-
ing has been in the area of material synthesis involving
chemical reactions. Since reaction rates are highly dependent
on local temperature, lower-temperature inside the reacting
medium can limit the overall progress of reactions in con-
ventional heating, where heat has to penetrate from the outer
boundary of the reacting system. The situation can even wor-
sen for endothermic reactions, which require continuous sup-
ply of heat to proceed. In these cases, microwave heating
can be a better alternative due to its ability to speed up the
progress of reaction by volumetrically supplying heat inside
the reactor. This has been proved experimentally in numer-
ous experimental investigations for various different classes
of reactions, which can be found in a few extensive
reviews.14–34

Although previous investigations show accelerated pro-

gress of reaction under microwave heating, a quantitative

understanding behind the observed enhancement of reaction

rate is still lacking from these studies. This may be partly

due to the difficulties in measuring local temperature within

the reacting medium without which it is impossible to pre-

dict local enhancement of reaction rate. It may be noted that

microwave heating can be highly nonuniform and lead to

local hot spots depending on the configurations of the react-

ing system.35–39 Local hot spots may cause dramatic

enhancement of reaction rate locally and result in the

observed acceleration of overall progress of reaction. In such

cases, use of average temperature (as has been done in ear-

lier works) may lead to speculation of athermal effect of

microwave heating.26,40,41 Thus, it is essential to consider

the variations of temperature within the reacting medium,

which may only be possible through a detailed mathematical

model. A detailed mathematical model is also required to

quantify the observed enhancement of reaction rate under

various reacting conditions.
A few theoretical work has been conducted to study the

interplay between microwave heating and reaction rate.17,42–46

However, these studies assumed empirical model for micro-
wave propagation, where induced electric field was assumed
to be uniform while nonuniformity of microwave heating
was introduced through variations of dielectric properties
with temperature. Although these studies revealed the role of
local hot spots in enhancing overall reaction rate, they lack
quantitative analysis of microwave heating due to lack of
detailed model for microwave propagation. For the same rea-
son, earlier theoretical work missed out many important
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possibilities of microwave heating, where induced electric
field can be highly oscillatory within the reacting medium
leading to multiple local hot spots.36–38 As local hot spots
lead to the nontrivial enhancement of reaction rate, it is nec-
essary to consider the detailed model for microwave propa-
gation to quantify the effect of microwave heating on reac-
tion rate under various configurations.

In this work, we consider detail description of microwave
propagation in terms of Helmholtz equation, which can cap-
ture various possible patterns associated with microwave
heating.1 The effect of microwave heating is analyzed for a
first-order endothermic reaction occurring in a semi-infinite
vertical column. The column is assumed to be exposed to
microwaves of varying intensities from left and right sides.
It may be noted that intensity as well as distributions of
microwave induced electric field within the reactor depend
on the individual intensity of incident radiations from each
side of the reactor. Variations of incident radiations from ei-
ther side alter transmitted and reflected wave patterns, which
in turn alter the resultant electric field within the reactor.36–38

Thus, intensity as well as location of local hot spots can be
altered by varying intensities of incident radiations on either
left or right sides of the reactor. This leads to the primary
objective of this work, which is to investigate optimal strategy
of microwave heating to maximize the progress of reaction
for a given reactor specifications. For this purpose, we have
considered four different strategies of microwave heating,
where different intensities of microwave sources are config-
ured at left and right sides of the reactor keeping total input
power constant. These configurations are selected in such a
way that they represent the entire spectrum of microwave
source arrangements starting from uniform radiations from
both sides to highly localized radiations from one side.

As formation as well as intensity of transmitted and
reflected waves also depend on the reactor dimension in addi-
tion to microwave source configuration and dielectric proper-
ties,36–38 optimal strategy of microwave heating may also
change with reactor dimension. Correspondingly, another
objective of this work is to quantify the enhancement of reac-
tor progress due to various configurations of microwave heat-
ing for the entire range of reactor dimensions related to
microwave propagation. In this regard, a conventional reactor

is designed for each configuration of microwave heating,
where total amount of microwave power absorbed by the re-
actor is supplied as heat flux from the surface in its conven-
tional counterpart. Simulations are carried out for both the
modes of heating (microwave and conventional) to compare
and quantify the enhancement of reactor progress due to
microwave heating compared to conventional heating for dif-
ferent reactor dimensions and microwave heating strategies.
The entire analysis is carried out by considering a detailed
model including thermal and mass transport in addition to the
complete description of microwave propagation.

Mathematical Formulation

Let us consider a semi-infinite batch reactor of width 2L,
where the entrapped gaseous species (A) is undergoing a ho-
mogeneous endothermic first-order reaction given by
AðgÞ!kR

BðgÞ (Figure 1). The heat required for the endothermic
reaction is supplied by two different modes, namely (1) micro-
wave and (2) conventional heating as shown in Figures 1a, b,
respectively. As gases do not absorb microwave, the reactor is
filled with inert dielectric packings, which absorb microwave
energy and act as local heat sources under the exposure of
microwave radiations (as shown in the zoomed portion in Fig-
ure 1). Here, dielectric packings play the role of susceptors and
allow volumetric heating of the gas phase under microwave
radiation. On the other hand, heat is supplied from left surface
of the reactor in conventional heating (Figure 1b).

We have considered four different microwave heating
strategies, where reactor is exposed to varying intensities of
microwave radiations from left (IL) and right (IR) sides as
IL:IR ¼ 1:1, 2:1, 5:1, and 10:1. It may be noted that total in-
tensity of incident radiation (I0 ¼ IL þ IR) is maintained to
be constant in all the cases. These heating configurations
will be referred to as Type 1, Type 2, Type 3, and Type 4,
respectively (as shown in Figure 1a). Type 1–Type 4 strat-
egies span the entire possibility of microwave source config-
urations for this specific scenario. Type 1 considers equal in-
tensity of microwave radiation from both sides. On the other
hand, Type 4 resembles one side incidence, where micro-
wave source is preferentially configured at left side. Interme-
diate Type 2 and Type 3 configurations simulate the

Figure 1. (a) Reactor configuration for microwave heating of varying incidence types denoted by Type 1–Type 4
configurations; (b) reactor configuration for equivalent conventional heating.
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transition from both sides to one side incidence. It may be
noted that, enhanced reactor progress under one sided micro-
wave radiation (IL ¼ I0) has recently been investigated in
details for various regimes of microwave heating.47 The
main focus of this work is to investigate the role of micro-
wave heating strategies for further enhancement of reactor
progress and, thus, to examine the optimum heating strat-
egies in different regimes of microwave heating.

For all the configurations, generalized formulation for
microwave propagation and associated heat generation
(QMW) within the semi-infinite packed reactor can be mathe-
matically represented as1

QMWðExÞ ¼
2k0I0

keffDpeff

ExE�
x ; (1)

where microwave induced electric field (Ex) and its conjugate
(E�

x) can be obtained from the following Helmholtz equations
within free space-sample-free space assembly

d2Ex

dZ2
þ 2p

keff

þ i
1

Dpeff

� �2

Ex ¼ 0; �L � Z � L; (2a)

d2Ef

dZ2
þ 4p2

k2
0

Ef ¼ 0; Z\� L and Z > L; (2b)

along with continuity of electric and magnetic field at the
sample-free space interfaces given by

@ Z ¼ �L : Ex ¼ Ef ;
dEx

dZ
¼ dEf

dZ

�
: (2c)

In the above equations, Ef is the microwave induced electric

field within the surrounding free space on left and right sides of

the reactor (between the reactor and the microwave sources), keff

and Dpeff
are the effective wavelength and penetration depth of

microwave within the packed bed,48 respectively, and k0 is the

wavelength of microwave within free space. (The expression for

keff, Dpeff
, and k0 are given in Appendix A.) The above equations

have to be solved with the additional conditions of incident field

intensities of
ffiffiffiffiffiffiffiffiffiffi
IL=I0

p
and

ffiffiffiffiffiffiffiffiffiffiffi
IR=I0

p
from left and right side,

respectively. (Note that electric fields in Eqs. 1–2 are scaled withffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2I0=ce0

p
, where c is the velocity of light and e0 is the free space

permittivity.) It may be noted that Eqs. 2a–2c are based on

spatial representations of Maxwell equations.1 Alternatively,

microwave propagation can also be represented as function of

space as well as time, which can be solved by finite difference

time domain method.49–52 However, these two representations of

wave propagation are equivalent and former form is adopted due

to its simplicity.
With dielectric packing acting as local heat sources, evolu-

tion of temperature and reactant concentration (from uniform
initial states of T0 and CA0

, respectively) in case of micro-
wave heating can be obtained from the following governing
equations and associated boundary and initial conditions

ðqCpÞeff

@T

@t
¼ keff

@2T

@Z2
þ QMW � /DHRRðCA; TÞ;

� L � Z � L ð3aÞ

/
@CA

@t
¼ Deff

@2CA

@Z2
� /RðCA;TÞ; �L � Z � L (3b)

@ Z ¼ �L :
@T

@Z
¼ @CA

@Z
¼ 0:

�
(3c)

@ t ¼ 0 : T ¼ T0;CA ¼ CA0
:f (3d)

These equations are based on the assumption of local ther-
mal equilibrium and negligible convection within gas phase
along with the assumption of heat/mass impermeable reactor
walls. It is also assumed that diffusivity of product B is of
same order of magnitude as that of reactant A and all ther-
mal and physical properties are invariant of temperature/con-
centration. In addition, the reactor is further assumed to be
homogeneously packed so that porosity (/) becomes position
invariant. In Eq. 3, (qCp)eff ¼ /(qCp)g þ (1 � /)(qCp)p and
keff ¼ /kg þ (1 � /)kp are effective heat capacity and ther-
mal conductivity of the packed bed, respectively, with sub-
scripts g and p denoting gas phase and packing materials,
respectively. In addition, Deff ¼ DA//sp with DA as the mo-
lecular diffusivity of reactant and sp as the tortuosity of the
porous bed is the effective diffusivity of reactant A, DHR is
the heat of reaction and R(CA, T) is the first-order homoge-
neous reaction rate, which obeys the following Arrhenius
temperature dependency

RðCA; TÞ ¼ kRCA exp � E

RT

� �
: (4)

Here, kR is the first-order rate constant, E is the activation
energy and R is the universal gas constant.

Introducing the following dimensionless variables

z ¼ Z þ L

2L
; s ¼ aeff t

4L2
; h ¼ keffðT � T0Þ

2LI0

;

cA ¼ CA

CA0

; ~ExðzÞ ¼ ExðLð2z�1ÞÞ; ~EfðzÞ ¼ EfðLð2z � 1ÞÞ;

rðcA; hÞ ¼
RðCA;TÞ

RðCA0
;T0Þ

; qMW ¼ 2LQMW

I0

ð5Þ

the governing equations (Eqs. 2 and 3) can be rewritten in the
following dimensionless form

@h
@s

¼ @2h
@z2

þ qMWð ~ExÞ � NRrðcA; hÞ; 0 � z � 1 (6a)

sD

@cA

@s
¼ @2cA

@z2
� URrðcA; hÞ; 0 � z � 1 (6b)

d2 ~Ex

dz2
þ 4p2N2

wð1 þ ifpÞ2 ~Ex ¼ 0; 0 � z � 1 (6c)

d2 ~Ef

dz2
þ 4p2N2

wf 2
w
~Ef ¼ 0; z \ 0 and z > 1 (6d)

@ z ¼ 0; 1 : @h
@z

¼ @cA

@z
¼ 0; ~Ex ¼ ~Ef ;

d ~Ex

dz
¼ d ~Ef

dz

�
(6e)

@s ¼ 0 : h ¼ 0; cA ¼ 1 (6f)

The functional form of dimensionless absorbed power
[qMW(z)] and reaction rate [r(cA, y)] are given by

qMWð ~ExÞ ¼
4pNwfp

fw
~ExðzÞ ~E�

xðzÞ (7a)
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and

rðcA; hÞ ¼ cA exp cR

h
hþ b

� �
; (7b)

with cR ¼ E/RT0 as the dimensionless activation energy.
In Eq. 6, a few dimensionless numbers have been intro-

duced, which can be grouped into two different sets. The
first set of dimensionless numbers given by Nw, fw, and fp
are related to microwave propagation within the packed bed
and are defined as

Nw ¼ 2L

keff

; fp ¼ keff

2pDpeff

; fw ¼ keff

k0

: (8a)

Here, wave number (Nw), which is the ratio of reactor
thickness to the wavelength of microwave, captures the effect
of reactor thickness on microwave propagation. On the other
hand, dimensionless numbers fw and fp capture the effect of
varying dielectric properties of the packed bed via the ratio of
keff to k0 and keff to 2pDpeff

, respectively. The second set of
dimensionless numbers in Eq. 6 are related to thermal and
reactant transport within the reactor and are defined as

UR ¼ 4L2/RðCA0
; T0Þ

DeffCA0

; b ¼ keffT0

2LI0

;

sD ¼ /aeff

Deff

; NR ¼ 2LDHR/RðCA0
;T0Þ

I0

: ð8bÞ

The above numbers represent the ratios of various transport time
scales and in turn measure the thermal/reactant transport
resistances within the reactor. Bulk Thiele modulus (UR)
represents the ratio of diffusion time (4L2/Def f)
to homogeneous reaction time within gas phase
ðCA0

=/RðCA0
; T0ÞÞ and is a measure of mass-transfer resistance

within the reactor. Similarly, heat-transfer resistance within the
reactor is represented by conduction number (b), which is a
relative measure of heating time ((qCp)effT0/(I0/2L)) compared to
thermal diffusion time (4L2(qCp)eff/keff). The relative speed of
thermal and reactant diffusion within the reactor is measured by
diffusion number (sD), which represents the ratio of mass
diffusion time (4L2/Deff) to thermal diffusion time (4L2/aeff).
Since the reaction is endothermic, an important aspect of reactor
analysis is the relative rate of heat required by reaction
ðDHR/RðCA0

; T0ÞÞ compared to the rate at which heat is
supplied to the reactor (I0/2L). This is denoted as heat-reaction
number (NR) in this work.

It may be noted that governing equation for concentration
(Eq. 3b) is invariant of the mode of heating and, thus,
remains unchanged for conventional reactor. However,

energy balance equation (Eq. 3a) and associated thermal
boundary conditions modify with the modes of heating.
For the configuration of conventional heating considered in
Figure 1b, Eq. 3a modifies to

ðqCpÞeff

@T

@t
¼ keff

@2T

@Z2
� /DHRRðCA; TÞ (9a)

and surface heating of reactor is incorporated via thermal
boundary condition at Z ¼ �L as

� keff

@T

@Z
¼

Z L

�L

QMWdZ: (9b)

The right boundary of the reactor remains thermally insulated
as in case of microwave heating. It may be noted thatR L
�L QMWdZ is the total power absorbed by the packed column

in microwave mode of heating. Thus, Eq. 9b ensures equal
heating rate in the two modes of heating to make them
comparable. In terms of dimensionless variables and dimen-
sionless numbers, the dimensionless governing equations for
conventional reactor can be written as

@h
@s

¼ @2h
@z2

� NRrðcA; hÞ (10a)

sD

@cA

@s
¼ @2cA

@z2
� URrðcA; hÞ (10b)

@s ¼ 0 : h ¼ 0; cA ¼ 1f (10c)

@z ¼ 0 : � @h
@z

¼ �qMW;
@cA

@z
¼ 0

�
(10d)

@ z ¼ 1 :
@h
@z

¼ @cA

@z
¼ 0

�
(10e)

where dimensionless surface heat flux for conventional heating
�qMW ¼

R 1

0
qMWdz is also equal to dimensionless average absorbed

power in Type 1–Type 4 microwave heating configurations.

Solution Strategy

According to the formulation of Eqs. 6c–6e, determination
of qMW involves computation of ~Ef (from Eq. 6d) within the
large domain of surrounding free space outside the reactor.
This may increase the computational cost significantly for
simulation of reactor progress especially for temperature de-
pendent dielectric properties, where qMW has to be evaluated
at each time step. To reduce the computational cost, evalua-
tion of ~Ef can be avoided by expressing it53,54 as

~Ef ¼

ffiffiffi
IL

I0

q
exp 2pNwfwiðz � 1=2Þ½ � þ AL exp �2pNwfwiðz � 1=2Þ½ � 8z \ 0

AR exp 2pNwfwiðz � 1=2Þ½ � þ
ffiffiffi
IR

I0

q
exp �2pNwfwiðz � 1=2Þ½ � 8z > 1

8><
>: ð11Þ

where AL and AR can be determined in terms of ~Exðz ¼ 0Þ
and ~Exðz ¼ 1Þ, respectively from the continuity of electric
field at sample-free space interfaces ( ~Ex ¼ ~Ef at z ¼ 0 and
1). Subsequently, d ~Ef=dz can be expressed in terms of

~Exðz ¼ 0Þ and ~Exðz ¼ 1Þ, which when substituted in the
interfacial flux continuity conditions for electric field
ðd ~Ex=dz ¼ d ~Ef=dzÞ leads to the following conditions involv-
ing only ~Ex:
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@ z ¼ 0 :
d ~Ex

dz
þ i2pNwfw ~Ex ¼ i4pNwfw

ffiffiffiffi
IL

I0

r
exp �ipNwfw½ �

(12a)

@ z ¼ 1 :
d ~Ex

dz
� i2pNwfw ~Ex ¼ �i4pNwfw

ffiffiffiffiffi
IR

I0

r
exp �ipNwfw½ �;

(12b)

which are called radiation boundary conditions for electric
field.35,53 It may be noted that Eq. 12 captures incidence,
transmission, and reflection of electromagnetic wave at the
sample boundaries considered via free space wave propagation
and interface continuity conditions in Eqs. 6d and 6e in free
space-sample-free space assembly representation. Thus, elec-
tric field within the reactor and the resulting heating profile
can be equivalently determined by considering only the reactor
and solving Eq. 6c with modified boundary conditions given
by Eq. 12. This approach eliminates the necessity of solving
Eq. 6d within the surrounding free spaces and, thus, allows to
solve the energy and mass balance equations (Eqs. 6a and 6b)
simultaneously with electric field equations (Eqs. 6c and 12).
It may be noted that analytical solution for electric field and
associated heating profiles can be obtained for constant
dielectric properties54,55 and are given by

qMW ¼ 16pNwfwfp
Cd

½Cn
1 coshð2pNwfpð2z � 1ÞÞ

þCn
2 sinhð2pNwfpð2z � 1ÞÞ þ Cn

3 cosð2pNwð2z � 1ÞÞ
þCn

4 sinð2pNwð2z � 1ÞÞ�; ð13Þ

where coefficients Cn
1–Cn

4 and Cd are functions of Nw, fw, fp,
and microwave source configuration (IL/I0 and IR/I0) as
reported in Appendix B. The closed form solution of qMW

can be directly used in Eqs. 6a and 6b to simulate the reactor
dynamics. However, numerical solution of Eq. 6c along with
Eq. 12 in conjunction with Eqs. 6a and 6b are more generic
and is carried out in this work to simulate reactor dynamics in
presence of microwave heating using the numerical procedure
as described below.

It is important to note that simulation of endothermic reac-
tion may result in unrealistic temperature drop within the reac-
tor if the reaction is not stopped below a critical temperature.
Correspondingly, we have stopped the reaction once local tem-
perature reduces beyond T0 during the simulation. As a result,
simulated reaction rate encounters a step jump given by

rðcA; hÞ ¼ cA exp cR
h

hþb

h i
for h � 0

0 otherwise

(
; (14)

and in turn poses numerical difficulties as discussed in
literature for time tracing of a step jump.56 (Figure 2 shows
the typical step jump of the simulated reaction rate in solid
line.) Accordingly, the step jump has been smoothed out by
introducing a superficial reaction zone of width 2DT around
point of jump (shaded area of Figure 2). (This is similar to the
superficial phase change region assumed in the simulation of
solidification/melting of pure phase change problem.56)
Within the superficial reaction zone, reaction rate is assumed
to increase linearly from 0 at T ¼ T � D T to R(CA, T0 þ DT)
at T ¼ T0 þ DT as shown by dotted lines in Figure 2. Beyond
the superficial reaction zone T � T0 þ DTð Þ, reaction rate
follows the actual exponential variation with temperature. The
modified reaction rate with the inclusion of superficial
reaction zone can be mathematically represented in terms of
dimensionless concentration and temperature as

r̂ðcA; hÞ ¼

0 for h � �e

rðcA; eÞ
h
2e

þ 1

2

� �
for � e � h � e

rðcA; hÞ for h > e

8>>><
>>>:

(15)

where e ¼ keffDT/2LI0 is the dimensionless half width of the
superficial reaction zone. It is obvious that r̂ðcA; hÞ approaches
actual reaction rate (r(cA, y)) in the limit of e ! 0. In this
work, we have used e ¼ 10�5. The accuracy of the solutions
with e ¼ 10�5 are shown in Figure 3, which shows the

Figure 2. Schematic representation of superficial reac-
tion zone.

Figure 3. Convergence of numerical simulations (�h and 1 � �cA vs. s) with respect to the width of superficial reaction
zone (e ¼ 10�3, 10�4, 10�5, and 10�6 in dotted, dash, solid lines, and circles, respectively) for conventional
heating corresponding to Type 1–Type 4 configurations at Nw ¼ 0.5, fp ¼ 0.1, fw ¼ 0.1, and UR ¼ 10.
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sensitivity of reactor simulations in terms of evolution of
average reactant concentration ð�cA ¼

R 1

0
cAðzÞdzÞ and tempera-

ture ð�h ¼
R 1

0
hðzÞdzÞ for various e as e ¼ 10�3, 10�4, 10�5, and

10�6. It may be noted that simulations of Figure 3 correspond to
conventional reactor with intensity of heating equivalent to Nw

¼ 0.5, fw ¼ 0.1, fp ¼ 0.1 and other parameters as UR ¼ 10, NR ¼
0.1, sD ¼ 1.0, b ¼ 0.1, and cR ¼ 10. Here, the simulations are
shown for only conventional reactor since the surface heating
results in much stiffer variation of reaction rate compared to its
microwave counterparts. Figure 3 shows the sensitivity of
simulations for various intensity of heating corresponding to
Type 1–Type 4 incidences. It may be noted that numerical
simulations become invariant of the width of the superficial
reaction zone beyond e ¼ 10�5 and, thus, we have used e ¼
10�5 in all the simulations.

Replacing r(cA, y) by r̂ðcA; hÞ, Eqs. 6a–6c with associated
radiation boundary conditions of electric field (Eq. 12) and
no heat/mass flux (dy/dz ¼ dcA/dz ¼ 0 at z ¼ 0, 1) boundary
conditions are spatially discretized using Galerkin finite ele-
ment method57 and time integrated using Crank-Nicholson
scheme following the same procedure as described in an ear-
lier work47 to simulate reactor progress with microwave
heating. It may be noted that electric field ð ~ExÞ has been
computed in terms of its real ð~vxÞ and imaginary ð~wxÞ com-
ponents and hence absorbed power is evaluated as
qMW ¼ 4pNwfpð~v2

x þ ~w2
xÞ=fw. Here, we just mention that we

have used 50 quadratic elements corresponding to 101 nodes
across the width of the reactor and a dimensionless time step
of Ds ¼ 0.0001 for time integration. Also, we have used
Galerkin weak formulation and evaluated the required Galer-
kin projections by three point Gaussian quadrature. The
same numerical scheme has also been applied to Eq. 10 for
simulation of conventionally heated reactor progress. All the
simulations are stopped when minimum conversion within
the reactor reaches 10%, which correspond to max (cA) ¼
0.1. The time required for achieving this conversion will be
denoted by reaction time or sf in the following discussion.

Result and Discussions

Occurrence of endothermic reaction strongly depends on
availability of heat. Correspondingly, localized supply of
heat from the surface limits the progress of reaction within
conventional reactor in presence of heat and/or mass transfer
limitations. In such cases, microwave heating enhances over-
all progress of reactor by providing heat and facilitating
reaction in no/low reaction zones of conventional reactor. It
follows that optimum utilization of microwave depends on
spatial distribution of absorbed power (qMW(z)), which in
turn depends on width and dielectric properties of the reactor
in addition to the microwave source configurations. These
effects are captured by the dimensionless numbers Nw, fw, fp,
and IL/I0 (since IR/I0 ¼ 1 � IL/I0 for constant I0) in Eqs. 6c
and 12. It may be mentioned that another dimensionless
number is commonly used in describing the microwave
power absorption,36 which is the ratio of the thickness of the
sample to the penetration depth of microwave within it. This
dimensionless number is called as penetration number or
Np and can be correlated to Nw and fp by
Np ¼ 2L=Dpeff

¼ 2pNwfp (see Eq. 8a). Details of the effects
of these dimensionless numbers on microwave power
absorption have already been discussed in earlier work.37,38

Here, we briefly discuss various possible absorbed power
distributions and the effect of Type 1–Type 4 configurations
on them.

Thin, intermediate, and thick regimes of microwave
power absorption

Various possible absorbed power distributions can be clas-
sified into three different types, namely (1) uniform, (2) os-
cillatory or sinusoidal, and (3) exponentially attenuated dis-
tributions.37,38 These distributions appear in three different
range of reactor thickness and divide the entire range into
(1) ‘‘thin,’’ (2) ‘‘intermediate,’’ and (3) ‘‘thick’’ regimes with
respect to microwave power absorption.37,38 Uniform absorp-
tion of microwave power occurs in thin regime, where thick-
ness of the reactor is much lower than the wavelength of
microwave within it (2L � keff=2 or Nw � 0:5). On the
other hand, exponentially attenuated absorbed power distri-
butions occur in thick regime, where 2L is much greater
than the penetration depth of microwave within it, that is,
2L � Dpeff

or Np � 1. It has been shown in earlier work37,38

that exponentially attenuated power distributions occur at
Np � 6 (or Nw � 6=2pfp) if microwave sources are config-
ured at both sides as in Type 1–Type 4 configurations. (The
range of thick regime shifts to Np � 3 for one-sided inci-
dence, where either IL ¼ 0 or IR ¼ 0). Since keff=2 � pDpeff

(see Eq. A1), there exists an intermediate demarcation zone
in between thin and thick regimes, whose width depends on
the magnitude of fp. In intermediate regime, where thickness
of the reactor is bounded by 0:5 � Nw � 6=2pfp or
pfp � Np � 6, absorbed power exhibits spatial oscillations
due to destructive/constructive interference depending on the
magnitude of Nw.37,38

Existence of three distinct regimes of microwave power
absorption with respect to reactor thickness for Type 1–Type
4 microwave source configurations is illustrated in Figure 4
via few illustrative power distributions in thin (Nw ¼ 0.1),
intermediate (Nw ¼ 0.5 and 1), and thick (Np ¼ 6) regimes
at fp ¼ fw ¼ 0.1 (see the insets). Figure 4 also illustrates var-
iations of �qMW from thin to thick regimes for all the configu-
rations, where solid, dashed, dash-dotted, and dotted lines

Figure 4. Effect of source configuration on intensity of
power absorption (�qMW) and absorbed power
distribution in thin, intermediate, and thick
regimes for fp ¼ 0.1 and fw ¼ 0.1 with solid,
dash, dash-dotted, and dotted lines repre-
senting Type 1, Type 2, Type 3, and Type 4
configurations, respectively.
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represent Type 1, Type 2, Type 3, and Type 4 configura-
tions, respectively. It may be noted that �qMW determines the
intensity of surface heating (see Eq. 10) and play a critical
role in determining the efficiency of microwave heating. It
may be further noted that selection of fp ¼ 0.1 and fw ¼ 0.1
in Figure 4 is to illustrate all the three regimes of microwave
power absorption since existence of intermediate regime
depends on the magnitude of fp

37,38 as will be illustrated
later.

Figure 4 illustrates that source configuration does not alter
absorbed power distribution but alters the intensity of power
absorption (�qMW) in thin regime. It may be noted that all the
configurations lead to uniform power absorption in thin re-
gime (see the inset for Nw ¼ 0.1), where Type 1 configura-
tion maximizes the intensity of microwave heating. On the
other hand, power absorption pattern depends strongly on
source configuration but total absorbed power (�qMW) remains
invariant in thick regime of microwave heating as may be
observed from Figure 4. Microwave power absorption occurs
from the surface in proportion to the intensity of source at
the respective side and attenuates exponentially in thick re-
gime of microwave heating. This causes highly intensified
power absorption from one side (left surface) in Type 4 con-
figuration compared to the equal power absorption from both
sides in Type 1 configuration (see the inset for Np ¼ 6).
Main characteristic of thick regime is penetration of micro-
wave power only near the surface, which further shrinks
with increasing sample width. As a result, microwave heat-
ing tends toward surface heating either from one or from
both sides in the limit of Np ! 1.

In contrast to the previous two regimes, microwave source

configuration influences both the intensity as well as pattern

of power absorption in intermediate regime as illustrated in

Figure 4 (see the absorbed power profiles for Nw ¼ 0.5 and

1). Power absorption in intermediate regime is mainly gov-

erned by the constructive/destructive interference between

oppositely traveling transmitted and reflected waves, which

are formed due to transmission and reflection of incident

field at the sample boundaries.1,36,38 As a result, intermediate

regime exhibits much pronounced dependencies on incident

field orientation (Type 1–Type 4 configurations) compared to

the other two regimes as observed in Figure 4 for �qMW as

well as power distributions at Nw ¼ 0.5 and 1. Typical char-

acteristic of intermediate regime is the oscillatory power

absorption in terms of both qMW and �qMW, which result from

resonances of the induced field at the location of construc-

tive interferences. It may be noted that �qMW exhibits

resonances at Nw ¼ 1, 2, 3… irrespective of source configu-

ration with additional resonating peaks appearing at Nw ¼
0.5, 1.5.. as microwave source is configured from both side

to one side with Type 1–Type 4 configurations (see in Figure

4). As a result, Type 4 configuration enhances microwave

power absorption at source specific resonating locations of

Nw ¼ 0.5, 1.5…. In contrast, Type 1 configuration results in

higher power absorption at common resonating locations of

Nw ¼ 1, 2.. as may be observed from Figure 4. Source con-

figurations also influence power distributions differently at

common and source specific resonating locations. It is seen

from Figure 4 that absorbed power distributions differ

greatly from Type 1 to Type 4 configuration at the source

specific resonating locations (Nw ¼ 0.5), while they follow

similar patterns for all the configurations at common resonat-

ing locations (Nw ¼ 1).

It follows that source configuration either alters power dis-
tribution or influences intensity of power absorption, which
are the two critical parameters in determining progress of re-
actor. Thus, selection of source configuration is expected to
play a critical role in optimizing the efficiency microwave
heating in enhancing reactor progress. A detailed analysis on
the effect of Type 1–Type 4 configurations on various
aspects of reactor dynamics will be presented and compared
with conventional heating in the following section to deter-
mine optimum source configuration in thin, intermediate, or
thick regimes.

Effect of microwave source configurations on dynamics
and efficiency of microwave assisted reactor in thin,
intermediate and, thick regimes of microwave heating

Enhanced reactor progress under microwave heating
results from its homogenized heating pattern, which facili-
tates reaction in a greater portion of the reactor compared to
its conventional counterpart. Reactants diffuse a greater dis-
tance from cold right wall to hot left wall to avail the sup-
plied heat and react in case of conventional heating com-
pared to the volumetric heating of microwave radiation.
Thus, conventional heating results in a longer delay between
supply and availability of heat for the reaction than micro-
wave heating and causes slower reactor progress. However,
reactant can avail the heat instantaneously even in the case
of conventional heating if reactant can diffuse to the heating
zone at a faster rate than its consumption rate and causes the
reactor dynamics to be invariant of heating mode. Corre-
spondingly, efficiency of a given microwave heating in
enhancing the reactor progress depends on relative rate of
diffusion compared to its consumption rate, which is meas-
ured by Thiele modulus (UR) in this work (see Eq. 8b). This
directed to analyze the efficiency of various configurations
of thin, intermediate, and thick regime of microwave heating
in two limiting cases of UR � 1 and /R � 1. The former is
known as kinetically controlled regime, while the later is
called mass transfer controlled regime.

Other parameters considered in the simulations are NR ¼
0.1, sD ¼ 1, b ¼ 0.1, and cR ¼ 10. Selection of these param-
eters is based on an earlier work47 and justifications are sum-
marized below for the brevity of the paper. Heat-reaction
number has been selected to be lower than 1 (NR ¼ 0.1) to
ensure enough supply of heat than that required by reaction,
while equal thermal and reactant diffusivities at sD ¼ 1 has
been selected to eliminate the influence of preferential diffu-
sion of either mass or heat on the reactor performance. On
the other hand, higher thermal diffusion time than the heat-
ing time at b ¼ 0.1 retains the imposed thermal gradients of
microwave and conventional heating to a reasonable extent,
which is required to simulate the distinct effect of micro-
wave heating on reactor performance.47 It may be noted that
supplied heat spreads uniformly across the reactor and
results in uniform heating of the reactor irrespective of
microwave or conventional heating if thermal diffusion is in-
stantaneous compared to the heating rate b � 1ð Þ.

Effect of microwave source configurations on
microwave assisted and conventional reactor dynamics
in thin regime of power absorption (Nw 5 0.1)

Figure 5 illustrates the effect of source configuration on
the dynamics of thin regime of microwave assisted reactors
(indicated by MW) in kinetically controlled (UR ¼ 0.1) and
mass transfer controlled regime (UR ¼ 10) for Nw ¼ 0.1, fp
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¼ 0.1, and fw ¼ 0.1, where solid, dashed, dash-dotted, and
dotted lines represent Type 1, Type 2, Type 3, and Type 4
configurations, respectively. Figure 5 also shows the dynam-
ics of corresponding conventional reactors (indicated by
Conv) for comparative analysis. Variations of absorbed
power profiles with source configuration are also shown at
the top. Here, reactor dynamics are compared in terms of
concentration gradients (cA vs. z) as well as overall reactor
progress (�cA vs. s). Reaction patterns within the reactors are
also shown in terms of spatial heat requirement (NRr(cA, y))
for ease of illustrations. It may be noted that the spatial pro-
files are shown at two intermediate stages (sf/3 and 2sf/3
using darker and lighter shades, respectively).

Following uniform power absorption, reaction in thin
microwave assisted reactors occur almost uniformly for all
the source configurations as reflected in the corresponding

NRr(cA, y) profiles for Nw ¼ 0.1 in Figures 5a, b. Conse-
quently, reactant concentration also remains uniform through-
out the reaction irrespective of either Thiele modulus or
source configurations at Nw ¼ 0.1 (Figures 5a, b). In contrast,
reaction is always localized near the hot (left) surface in case
of conventional reactor causing its dynamics to be dependent
on Thiele modulus. Dynamics of conventional reactor follow
those of their microwave counterparts at UR ¼ 0.1, where
faster diffusion of reactant homogenizes the concentration gra-
dients caused by nonuniform reaction. As a result, uniform
reactant concentration prevails within conventional reactor in
spite of its nonuniform reaction pattern (Figure 5a). Overall
progress of reactor also remains invariant of the heating
modes at UR ¼ 0.1 as reflected in the �cA vs. s diagrams of
Type 1–Type 4 configurations. On the other hand, conven-
tional heating leads to significantly different reactor dynamics
at UR ¼ 10, where reactant builds up near the cold right wall
following its faster consumption near the localized heat source
at left wall (Figure 5b). Correspondingly, microwave heating
shows enhanced reactor progress for all the configurations in
�cA vs. s diagrams of Figure 5b at UR ¼ 10.

Reaction time required for various configurations of con-
ventional (sfconv

) and microwave (sfMW
) heating at Nw ¼ 0.1

are reported in Table 1 for UR ¼ 0.1 and 10, which reflect
the features discussed above. It may be noted that Type 1
configuration maximizes savings of reaction time in thin re-
gime as reflected in Table 1 for Nw ¼ 0.1, which is due to
higher intensity of �qMW and consequent increase in localiza-
tion of reaction with conventional reactor corresponding to
Type 1 configuration compared to other source configurations.

Effect of microwave source configurations on
microwave assisted and conventional reactor dynamics
in intermediate regime of power absorption (Nw 5 0.5
and 1)

Effect of source configuration on the dynamics of reactors
in intermediate regime are analyzed at the first source spe-
cific resonating peak (Nw ¼ 0.5) as well as at the first com-
mon resonating peak (Nw ¼ 1) representing two extreme sce-
narios (see discussion of ‘‘thin, intermediate, and thick
regimes of microwave power absorption’’) and the results
are shown in Figures 6 and 7, respectively, using the same
format as in Figure 5. Figures 6 and 7 also present the
results for UR ¼ 0.1 and 10 in subplots (a) and (b), respec-
tively, with other parameters remaining same as in Figure 5.

It follows from the illustrations of ‘‘thin, intermediate, and
thick regimes of microwave power absorption’’ that reactor
width or Nw plays an important role in determining the reac-
tion patterns and their dependence on source configuration in

Figure 5. Spatial dynamics of reactor (shown at sf/3
and 2sf/3 using darker and lighter shades,
respectively) and overall reactor progress (�cA

vs. s) under microwave (MW) and conven-
tional (Conv.) heating of Type 1–Type 4 con-
figurations (solid, dash, dash-dotted, and
dotted lines) in thin regime corresponding to
Nw ¼ 0.1, fp ¼ 0.1, and fw ¼ 0.1 for two limit-
ing cases of UR ¼ 0.1 and 10 in subplots (a)
and (b), respectively.

Table 1. Reaction Times under Type 1–Type 4 Configurations of Microwave Heating (sfMW
) and Corresponding Conventional

Heating (sfConv
) for Different Reactor Dimensions (Nw and Np) in Thin, Intermediate, and Thick Regimes with fp ¼ 0.1,

fw ¼ 0.1, and UR ¼ 0.1 and 10

Nw ¼ 0.1 Nw ¼ 0.5 Nw ¼ 1 Np ¼ 6

UR ! 0.1 10 0.1 10 0.1 10 0.1 10

Type 1 sfMW
4.586 0.116 15.377 0.229 1.310 0.054 2.920 0.102

sfConv
4.661 0.215 15.406 0.335 1.429 0.149 3.004 0.187

Type 2 sfMW
4.719 0.119 10.86 0.195 1.345 0.056 2.938 0.107

sfConv
4.792 0.217 10.894 0.290 1.460 0.150 3.003 0.187

Type 3 sfMW
5.240 0.128 5.426 0.134 1.472 0.061 2.970 0.129

sfConv
5.308 0.224 5.485 0.227 1.579 0.154 3.001 0.187

Type 4 sfMW
5.793 0.135 3.803 0.110 1.600 0.065 2.982 0.147

sfConv
5.857 0.232 3.876 0.202 1.701 0.157 2.999 0.187
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intermediate regime of microwave heating. Source configura-
tion strongly influences the reaction pattern at source specific
resonating peaks (Nw ¼ n þ 1/2, n ¼ 0, 1, 2…), while reac-
tion patterns are expected to remain almost invariant of source
configuration at the common resonating location (Nw ¼ n, n
¼ 1, 2..). These features of reactor dynamics under intermedi-
ate regime of microwave heating are clearly reflected in the
spatial heat requirement (NRr(cA, y)) of Figures 6 and 7,
respectively. It may be observed from Figure 6 that Type 1
and Type 4 configurations lead to almost opposite reaction
pattern at Nw ¼ 0.5, where reaction fonts gradually shift from
the center to walls from Type 1 to Type 4 configurations. On
the other hand, reaction fonts appear almost at the same loca-
tions for all the configurations in Figure 7. Nevertheless, inter-
mediate regime of microwave heating leads to much homoge-
nized reaction and consequent reduction of concentration gra-
dients compared to their conventional counterparts
irrespective of either source configuration or reactor width
(Nw) as may be observed from Figures 6 and 7. Obviously,
the homogenization effect of intermediate regime of micro-
wave heating becomes prominent in presence of mass transfer
limitations UR ¼ 10, where concentration gradients build up
within the reactor following the individual heating pattern of
microwave and conventional reactor. It may be noted from
Figures 6 and 7 higher intensity of surface heating at Nw ¼ 1
brings out the homogenization effect of microwave heating
much more prominently than at Nw ¼ 0.5. For the same rea-
son, conventional reactor at Nw ¼ 1 exhibits nonuniform reac-
tant concentrations even at UR ¼ 0.1, while concentration gra-
dients are homogenized at UR ¼ 0.1 for both the cases of
microwave heating at Nw ¼ 0.5 and 1 as well as conventional
heating at Nw ¼ 0.5 (Figures 6 and 7).

Extent of homogenization of reactor dynamics under
microwave heating also relies on the intensity localized reac-
tion in the conventional reactor, which is directly propor-
tional to �qMW. Thus, source configuration does influence the
homogenization capacity of intermediate regime of micro-
wave heating based on the magnitude of Nw with the influ-
ence to be much stronger at source specific resonating peaks
(Nw ¼ n þ 1/2, n ¼ 0, 1…) compared to those at common
resonating peaks (Nw ¼ n, n ¼ 1, 2..) according to the varia-
tions of �qMW from Type 1 to Type 4 configurations as dis-
cussed in ‘‘thin, intermediate, and thick regimes of micro-
wave power absorption.’’ Correspondingly, Figure 6b shows
significantly greater homogenization of concentration gra-
dients in Type 4 configuration of microwave heating with
�qMW ¼ 0:249 compared to Type 1 configuration with
�qMW ¼ 0:06. On the other hand, extent of homogenization
under microwave heating remains much less influenced by
source configuration at Nw ¼ 1 (Figure 7b) as expected from
the lower variation of �qMW from Type 1 to Type 4 configu-
rations (changes from 0.741 to 0.607 from Type 1 to Type
4). Needless to mention that the influence of source configu-
ration on reactor dynamics disappear in kinetically controlled
regime as reflected in Figures 6a and 7a for UR ¼ 0.1.

It follows that enhancement of reactor progress under
microwave heating is much strongly influenced by source
configuration at Nw ¼ 0.5 compared to Nw ¼ 1 as also
reflected in the �cA vs. s diagrams of Figures 6 and 7. Savings
of reaction time in Type 1–Type 4 configurations of micro-
wave heating at Nw ¼ 0.5 and 1 are reported in Table 1,
which shows that microwave heating at Nw ¼ 0.5 reduces the
reaction time by 	46% in Type 4 configuration compared to

Figure 7. Spatial dynamics of reactor (shown at sf/3
and 2sf/3 using darker and lighter shades,
respectively) and overall reactor progress (�cA

vs. s) under microwave (MW) and conven-
tional (Conv.) heating of Type 1–Type 4 con-
figurations (solid, dash, dash-dotted, and
dotted lines) in intermediate regime corre-
sponding to Nw ¼ 1, fp ¼ 0.1, and fw ¼ 0.1 for
two limiting cases of UR ¼ 0.1 and 10 in sub-
plots (a) and (b), respectively.

Figure 6. Spatial dynamics of reactor (shown at sf/3
and 2sf/3 using darker and lighter shades,
respectively) and overall reactor progress (�cA

vs. s) under microwave (MW) and conven-
tional (Conv.) heating of Type 1–Type 4 con-
figurations (solid, dash, dash-dotted, and
dotted lines) in intermediate regime corre-
sponding to Nw ¼ 0.5, fp ¼ 0.1, and fw ¼ 0.1
for two limiting cases of UR ¼ 0.1 and 10 in
subplots (a) and (b), respectively.
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much lower 	31% savings of reaction time in Type 1 config-
uration for UR ¼ 10. A opposite pattern is followed at Nw ¼
1, where Type 1 configuration of microwave heating causes
higher savings of reaction time (	64%) compared to Type 4
configuration (	59%) although the variations are much
smaller than those at Nw ¼ 0.5 as expected. The above dis-
cussion reflects the nonlinear effect of source configuration in
intermediate regime, where either one-sided or both sided
source configuration can maximize the efficiency of micro-
wave heating depending on reactor width (Nw). Also, selection
of reactor width becomes a critical and nontrivial factor to
maximize the efficiency of microwave heating due to its non-
linear influence on power absorption in intermediate regime.

Effect of microwave source configurations on
microwave assisted and conventional reactor dynamics
in thick regime of power absorption (Np 5 6)

Figure 8 illustrates the influence of source configuration on
the dynamics of reactors in thick regime of microwave heat-
ing corresponding to Np ¼ 6, fp ¼ 0.1, fw ¼ 0.1 with subplots
(a) and (b) illustrating the results for UR ¼ 0.1 and 10,
respectively. (Figure 8 also uses the same format as in previ-
ous figures with variations of the microwave heating pattern
shown at the top.) The main feature that differentiates thick
regime of reactors is the occurrence of reaction from and near
the exposed surface/surfaces in both the modes of heating as
reflected in the spatial profiles of NRr(cA, y) of Figure 8.
Nevertheless, microwave heating expands the reaction zone
even in thick regime and hence homogenizes the dynamics of
conventional reactor in presence of mass transfer limitations
as can be seen from the concentration profiles of Figure 8b
for UR ¼ 10. However, homogenization of reactor dynamics
is much lower in Type 4 configuration, where microwave

heating resembles the heating pattern of conventional reactor.
On the other hand, Type 1 configuration not only expands the
reaction zone to both sides but also enhances the uniformity
of reaction. Correspondingly, Type 1 configuration maximizes
the homogenization capacity and consequent saving of reac-
tion time of microwave heating in thick regime with signifi-
cant enhancement from Type 4 configuration as illustrated in
the cA vs. z and �cA vs. s diagrams of Figure 8b. Savings of
reaction time for various configurations of microwave heating
at Np ¼ 6 are also reported in Table 1. As in the previous
cases, differences between the reactor dynamics under micro-
wave and conventional heating disappear at UR ¼ 0.1 as
shown in Figure 8a.

Savings of reaction time under various configurations of
microwave heating

To quantify the observed enhancement of reactor progress
due to microwave heating in thin, intermediate, and thick
regimes (Figures 5–8), we define percentage saving of reac-
tion time under microwave heating as

gMW ¼ 1 � sfMW

sfConv

� �

 100: (16)

Figure 9 illustrates the influence of source configuration on
gMW over the entire range of thin to thick regimes
0:05 � Nw � 10ð Þ with subplots (a)–(c) showing the influ-

ences at UR ¼ 0.1, 1 and 10, respectively. It may be noted that
results for intermediate Thiele modulus of UR ¼ 1 is also
included in Figure 9 to show significant savings of reaction
time even at UR ¼ 1. Here, solid, dashed, dash-dotted, and
dotted lines in Figure 9 represent Type 1, Type 2, Type 3, and
Type 4 configurations, respectively. All other parameters in
Figure 9 correspond to those in Figures 5–8.

Figure 9 quantifies the facts observed in Figures 5–8 that
enhancement of reactor progress due to microwave heating
results from the transport limitations within the reactor. At
UR ¼ 0.1, where mass transfer does not limit the progress of

Figure 8. Spatial dynamics of reactor (shown at sf/3 and
2sf/3 using darker and lighter shades, respec-
tively) and overall reactor progress (�cA vs. s)
under microwave (MW) and conventional
(Conv.) heating of Type 1–Type 4 configurations
(solid, dash, dash-dotted, and dotted lines) in
thick regime corresponding to Np ¼ 6, fp ¼ 0.1,
and fw ¼ 0.1 for two limiting cases of UR ¼ 0.1
and 10 in subplots (a) and (b), respectively.

Figure 9. Effect of source configuration on gMW over
the entire range of 0:05 � Nw � 10 spanning
thin, intermediate, and thick regimes for Type
1–Type 4 configurations (solid, dash, dash-
dotted, and dotted lines) with fp ¼ 0.1, fw ¼
0.1, and UR ¼ 0.1, 1 and 10 in subplots (a),
(b), and (c), respectively.
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reactor, savings of reaction time can be observed to be prac-
tically low in most of the regions except around Nw ¼ 1.
Savings of reaction time become prominent at UR ¼ 1 and
become significantly high as UR increases to 10 representing
high mass transfer limitations within the reactor. Figure 9
also establishes one-to-one correlation between gMW and in-
tensity of surface heating or �qMW, observed in the dynamics
of selected reactor dimensions in Figures 5–8, for the entire
range of thin to thick regimes. Thus, variations of �qMW with
Nw can be used for apriori prediction of the nontrivial varia-
tions of gMW with reactor dimension especially in intermedi-
ate regime. The master curves provided in Figure 9 can be
used for quick and easy estimation of the appropriate reactor
dimension to attain maximum savings of reaction time. For
example, savings of reaction time can be maximized by
operating reactor at the resonating locations of �qMW (Nw ¼
1, 2…) as can be easily seen from Figure 9. It may be noted
that decrease of gMW with Nw in thick regime of microwave
heating is due to shrinking penetration of microwave as dis-
cussed before and gMW ! 0 in the limit of Np ! 1.

Figure 9 also extends the influence of source configuration
on gMW over the entire range of thin to thick regimes as dis-
cussed in previous sections for few specific Nw’s. It is evi-
dent from Figure 9 that progress of reactor in thin and thick
regimes of microwave heating can be sequentially enhanced
by selecting type 1 configurations over type 2, type 3 and
type 4 configurations, where the effect is more pronounced
in thick regime as can be expected from the previous discus-
sions. Higher savings of reaction time in type 1 configuration
than type 4 configuration is solely driven by higher intensity
of heating (�qMW) in thin regime of microwave heating. On
the other hand, difference in spatial power absorption pattern
drives the difference in gMW from type 1 to type 4 configu-
rations in thick regime of microwave heating. In contrast,
both power absorption pattern as well as intensity of �qMW

drive the enhanced dynamics in intermediate regime and
causes the optimum section of source configuration to be
highly nontrivial as illustrated before for Nw ¼ 0.5 and 1. It
may be noted that two completely opposite source configura-
tions optimize the efficiency of microwave heating at Nw ¼
0.5 and 1 (type 4 and type 1, respectively). In such cases,
the master curves provided in Figure 9 become extremely
useful to select appropriate microwave source configuration
for a given reactor dimension (Nw).

Effect of fp on efficiency of reactor under microwave
heating

Parameter fp determines the probability of resonances in
power absorption and consequent span of intermediate re-
gime, where resonances occur if fp � 1:5=p.37 For fp [ 1.5/

p, power absorption directly transform from uniform distribu-
tions of thin regime to exponentially decaying profiles of thick
regimes without undergoing resonances. Correspondingly, res-
onating power absorption patterns of intermediate regime at fp
¼ 0.1 gradually transform into the exponentially decaying
profiles as fp increases beyond 1.5/p even at Nw 	 0.5. This
is reflected in Figure 10, which shows the above transforma-
tion of spatial profiles of qMW at Nw ¼ 0.5 and fw ¼ 0.1 as fp
increases from 0.1 (solid lines) to 0.3 (dash lines), 0.5 (dash-
dotted lines) and 1 (dotted lines) for type 1 to type 4 configu-
rations. It may be noted that fp is always bound by 1
0 � fp � 1
� �

according to the definitions of keff and Dpeff
(see

Eq. A1). Associated changes in the homogenization of con-
centration gradients under microwave heating in presence of
mass transfer limitations at UR ¼ 10 are also shown in Figure
10 at s ¼sf/3. It may be observed from Figure 10 that trans-
formation from volumetric to highly one sided heating for
predominantly one sided incidences of Type 3 and Type 4
configurations significantly hampers the homogenization abil-
ity of microwave heating from fp ¼ 0.1 to 1. Accordingly,
gMW reduces by 	16% and 27% from fp ¼ 0.1 to 1 for Type
3 and Type 4 configurations, respectively, as may be calcu-
lated from the listed values of �qMW and gMW with fp in Table
2. It is important to note that effect of the changes in power
distribution patterns from fp ¼ 0.1 to 1 dominate over the var-
iations of �qMW for Type 3 and Type 4 configurations. On the
other hand, alterations of heating pattern from fp ¼ 0.1 to 1
do not alter the homogenization capacity of microwave heat-
ing significantly in case of evenly distributed incidences of
Type 1 and Type 2 configurations, where reactions occur
from both sides even at fp ¼ 1 (Figure 10). In such cases,
influence of fp on the efficiency of microwave heating to
reduce processing time mainly depends on the variations of
�qMW. Accordingly, Table 2 shows higher gMW at fp ¼ 1 com-
pared to those at fp ¼ 0.1 following the variations of �qMW for
Type 1 and Type 2 configurations. It may be noted that non-
monotonic variations of �qMW for Type 1 configuration is also
reflected in the nonmonotonic changes in gMW from fp ¼ 0.1
to 1.

Figure 10. Effect of fp on power absorption pattern (qMW) and homogeneity of reactant concentration under Type
1–Type 4 configurations of microwave heating (shown at sf/3) at Nw 5 0.5, fw 5 0.1, and UR 5 10 with
solid, dash, dash-dotted, and dotted lines representing fp 5 0.1, 0.3, 0.5, and 1, respectively.

Table 2. Variations of �qMW and gMW with fp for Nw ¼ 0.5,
fw ¼ 0.1, and UR ¼ 10

Type 1 Type 2 Type 3 Type 4

fp �qMW gMW �qMW gMW �qMW gMW �qMW gMW

0.1 0.06 31.56 0.09 32.61 0.17 40.84 0.25 45.50
0.3 0.15 40.10 0.16 33.94 0.20 32.58 0.24 34.68
0.5 0.19 44.03 0.20 35.95 0.21 28.25 0.23 26.29
1 0.17 41.40 0.17 36.26 0.17 25.33 0.17 18.5
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It follows from Table 2 that variations of �qMW with fp
does not follow a specific pattern and may either be increas-
ing or decreasing depending on source configuration as well
as other propagation parameters. As higher �qMW enhances
gMW while lower �qMW suppresses gMW, influence of the var-
iations of �qMW from fp ¼ 0.1 to 1 on gMW may or may not
follow the negative influence of the transformation of power
absorption pattern toward surface heating. Correspondingly,
efficiency of microwave heating may or may not follow the
variations of �qMW with fp depending on the relative contribu-
tions from the variations of power absorption pattern and in-
tensity of power absorption (�qMW). This fact is established in
Figure 11, which shows the variations of �qMW and gMW with
fp over the entire range of 0:05 � Nw � 10 for Type 1 to
Type 4 configurations. Figure 11 shows the results for fw ¼
0.1 and UR ¼ 10 with solid, dash, dash-dotted, and dotted
lines representing fp ¼ 0.1, 0.3, 0.5, and 1, respectively. As
stated at the beginning of this section, resonating intermedi-
ate regime of power absorption gradually disappear for all
the configurations as fp increases from 0.1 to 1 in Figure 11.
It may be noted that variations of gMW follow a one-to-one
correspondence with those of �qMW in thick regime as well at
the common resonating locations (Nw ¼ 1, 2…), where �qMW

decreases monotonically from fp ¼ 0.1 to 1 and inflicts simi-
lar influences on gMW as the transformation of power distri-
bution patterns. Variations of gMW also show a one-to-one
correspondence with �qMW in thin regime, where effect of
variations of �qMW dominate over other changes. On the other
hand, influence of power absorption pattern dominate at
source specific resonating location of Nw ¼ 0.5 and 1.5 for

highly one sided Type 3 and Type 4 configuration and gMW

shows a monotonic decrease from fp ¼ 0.1 to 1 irrespective
of the variations of �qMW. It may be noted that higher resem-
blance between microwave and conventional heating at fp ¼
1 causes much greater reduction of gMW from fp ¼ 0.1 to 1
in intermediate regime for highly one-sided type 4 configura-
tion than other configurations.

Effect of fw on efficiency of reactor under microwave
heating

Parameter fw controls the scattering of electromagnetic
wave at the sample boundaries via Eq. 12 and hence alters
the transmitted and reflected fields within the sample. This
influences the resulting electric field and associated heating
patterns, where effects are much nonlinear/nontrivial com-
pared to the effect of fp. Unlike fp, variations of power
absorption with fw do not follow a specific pattern and
depend strongly on sample width and source configuration in
addition to other propagation parameters as illustrated in Fig-
ure 12 for three different sample thickness in intermediate
regime corresponding to Nw ¼ 0.5, 1, and 1.5. Parameter fw
is also bound by 1 0 � fw � 1ð Þ as wavelength of microwave
is maximum in vacuum or free space and Figure 12 shows
the variations of power absorption patterns as fw increases
from 0.1 (solid lines) to 0.5 (dash lines), 0.7 (dash-dotted
lines), and 1 (dotted line) for Type 1–Type 4 configurations
at fp ¼ 0.1. Figure 12 shows that although fw alters the
power absorption patterns depending on source configuration
and reactor width, volumetric nature of microwave heating
in intermediate regime remains unaltered from fw ¼ 0.1 to 1.

Figure 11. Effect of fp on �qMW and gMW for Type 1–Type 4 configurations over the entire range of thin to thick
regimes ð0:05 � Nw � 10Þ at fw ¼ 0.1 and UR ¼ 10.

Solid, dash, dash-dotted, and dotted lines represent fp ¼ 0.1, 0.3, 0.5, and 1, respectively.

Figure 12. Effect of fw on power absorption patterns at Nw 5 0.5, 1, 1.5, and fp 5 0.1 with solid, dash, dash-dotted,
and dotted lines representing fw 5 0.1, 0.5, 0.7, and 1, respectively.
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The same is also true for thin regime and not shown here.
Consequently, variations of gMW with fw show one-to-one
correspondence for all the configurations as shown in Figure
13 for the entire range of 0:05 � Nw � 10. Figure 13 shows
the results for UR ¼ 10 with other parameters to be same as
in Figure 12. It may be noted that higher intensity of �qMW

increases gMW from fw ¼ 0.1 to 1 for most of the regions
expect a very small region of thin regime (Nw 	\0:07).

Conclusive Remarks

This work presents a detailed analysis on the role of micro-
wave heating strategies in optimizing the progress of a first-
order endothermic reaction occurring in a semi-infinite batch re-
actor. Here, microwave heating strategies are analyzed in terms
of different intensities of incident radiations from left and right
sides of the reactor. Four different configurations are considered
such that they represent the entire spectrum of possible arrange-
ment of microwave sources spanning uniform intensities of radi-
ations from both sides to highly localized incidences from one
side. In all the cases, total input power is kept constant by
maintaining same total intensities of radiations from left and
right sides. The analysis has been performed by considering
detail description of microwave propagation via Helmholtz
equation, which is solved with coupled energy and mass bal-
ance equations to simulate the progress of reactor under various
configurations of microwave heating. Simulated progress of re-
actor under various configurations of microwave heating are
then compared in terms of the extent of changes in concentra-
tion gradients and reaction time compared to those under con-
ventional heating, where comparison is done for all the possible
microwave heating patterns spanning thin to thick regimes.

This work shows that source configuration plays a critical
role in enhancing the efficiency of microwave heating to ho-
mogenize reactor dynamics and reduce reaction time of con-
ventional heating. Evenly distributed incidences from both
sides promote the efficiency of microwave heating in thin
and thick regimes of microwave heating. On the other hand,
either one sided or distributed incidences may enhance effi-
ciency of microwave heating in intermediate regime depend-
ing on reactor dimension. Correspondingly, efficiency of
microwave heating has been quantified by providing percent-
age savings of reaction time [gMW ¼ ð1 � sfMW

=sfConv
Þ 
 100]

over the entire range of thin to thick regimes for all the four
source configurations. These master curves (gMW vs. Nw)
clearly illustrate critical role of source configuration in maxi-
mizing gMW in various regimes of microwave heating and
can be extremely useful to select optimum source configura-

tion for given reactor dimension (especially in intermediate
regime). Master curves have also been provided for varying
fp and fw, which reveal nontrivial choice of optimum source
configuration for reactors with packings of different dielec-
tric properties.

Although numerous experiments have been conducted in
past to show enhanced progress of reaction in presence of
microwave heating, neither of them considered variations of
microwave heating strategies. This may be due to intricate
design involved with various heating strategies as well as
their complicated/nontrivial effect on microwave power
absorption. Thus, prior knowledge about the effect of tar-
geted microwave configurations on the local as well as over-
all reactor progress are necessary for successful design of
experimental set up. This work provides the background
knowledge on the probable effect of various possible micro-
wave heating strategies on the progress of reactors of various
dimensions/properties and, thus, may form the basis for set
up of systematic and designed experiments in future.
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Notation

CA ¼ reactant concentration, mol m�3

CA0
¼ initial reactant concentration, mol m �3

cA ¼ dimensionless reactant concentration
�cA ¼ dimensionless average concentration

(qCp)eff ¼ effective heat capacity, J m�3 K�1

Dpeff
¼ effective penetration depth, m

E ¼ activation energy, kJ kmol�1

Ex ¼ dimensionless electric field (scaled with
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2I0=2e0

p
) within

the sample
Ef ¼ dimensionless electric field (scaled with

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2I0=2e0

p
) within

free space
F ¼ frequency, Hz
fp ¼ ratio of keff to 2pDpeff

fw ¼ ratio of keff to k0

I0 ¼ total intensity of incident radiation, W m�2

IL ¼ intensity of incident radiation from left, W m�2

IR ¼ intensity of incident radiation from right, W m�2

keff ¼ effective thermal conductivity, W m�1 K�1

L ¼ half-width of packed column, m

Np ¼ penetration number ¼ 2L
Dpeff

	 

Nw ¼ wave number ¼ 2L

keff

	 

NR ¼ heat-reaction number ¼ 2LDHR/RðCA0

;T0Þ
I0

	 


Figure 13. Effect of fw on �qMW and gMW for Type 1 to Type 4 configurations over the entire range of thin to thick
regimes ð0:05 � Nw � 10Þ at fp ¼ 0.1 and UR ¼ 10.

Solid, dash, dash-dotted, and dotted lines represent fw ¼ 0.1, 0.5, 0.7, and 1, respectively.
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QMW ¼ absorbed power distribution, W m�3

qMW ¼ dimensionless absorbed power distribution
�qMW ¼ dimensionless average absorbed power

t ¼ time, s
T ¼ temperature, K

T0 ¼ initial temperature, K
vx ¼ dimensionless real field component
wx ¼ dimensionless imaginary field component
Z ¼ distance, m
z ¼ dimensionless distance

Greek letters

aeff ¼ effective thermal conductivity ¼ keff

ðqCpÞeff

	 

b ¼ conduction number ¼ keff T0

2LI0

	 

DH ¼ Heat of reaction, J mol�1

cR ¼ dimensionless activation energy ¼ E
RT0

	 

e0 ¼ free space permittivity, Farad m�1

h ¼ dimensionless temperature
�h ¼ average Temperature

j0eff ¼ effective dielectric constant
j00eff ¼ effective dielectric loss
keff ¼ effective wavelength of microwave within packed bed, m
k0 ¼ wavelength within free space, m
q ¼ density, kg m�3

s ¼ dimensionless time

sD ¼ diffusion number ¼ /aeff

Deff

	 

sf ¼ dimensionless reaction time

sf
MW

¼ dimensionless reaction time in microwave assisted reactor
sfConv

¼ dimensionless reaction time in conventional reactor

h ¼ dimensionless temperature ¼ keff ðT�T0Þ
2LI0

	 

/ ¼ porosity

UR ¼ Thiele Modulus ¼ 4L2/RðCA0
;T0Þ

Deff CA0
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Appendix A: Expression for Effective Dielectric
Properties of Packed Bed

Effective wavelength and penetration depth within a do-
main with dielectric packings be obtained from the effective
dielectric constant (j

0
eff ) and dielectric loss (j

00
eff ) as

keff ¼
c

ffiffiffi
2

p

f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j02eff þ j002eff

p
þ j0eff

q (A1a)

Dpeff
¼ cffiffiffi

2
p

pf

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j02eff þ j002eff

p
� j0eff

q : (A1b)

Here f is the frequency of incident microwave radiation. The
effective dielectric properties (j

0
eff and j

00
eff ) in turn depend

on dielectric properties of the packing and the porosity/dis-
persity of the column. Based on the literature,58 an unified
expression for j

0
eff and j

00
eff can be written as

j0eff þ ij00eff ¼
ðj0�p þ ij00�p Þ½1 þ a/þ aðj0�p þ ij00�p Þð1 � /Þ�

1 � /þ ðj0�p þ ij00�p Þða þ /Þ
(A2)

where j0p� and j00p� are the dielectric constant and dielectric
loss of packing, / is the porosity, and a ¼ 2 or 1 depending
on whether packing are spherical or cylindrical, respectively.
Equation A.2 uses the fact that dielectric constant and
dielectric loss of free space are given by 1 and 0, respec-
tively. This in turn results in the following definition of
wave length within free space (k0)

k0 ¼ c

f
; (A3)

which follows from Eq. A1a.

Appendix B: Analytical Solution of Microwave-
Induced Heat Source Distribution (qMW) for
Constant Dielectric Properties

Expressions for Cn
1–Cn

4 and Cd in terms of Nw, fw, fp and
microwave source configuration (IL/I0 and IR/I0) are given
by

Cn
1 ¼ c2 cosh 2pNwfp

� �
þ c4 sinh 2pNwfp

� �
þ2

ffiffiffiffiffiffiffiffiffi
ILIR

I2
0

s
c1 cos 2pNwð Þ þ c3 sin 2pNwð Þ½ �

(B1a)

Cn
2 ¼ 1 � 2

IL

I0

� �
c2 sinh 2pNwfp

� �
þ c4 cosh 2pNwfp

� �� �
(B1b)

Cn
3 ¼ c1 cos 2pNwð Þ þ c3 sin 2pNwð Þ

þ 2

ffiffiffiffiffiffiffiffiffi
ILIR

I2
0

s
c2 cosh 2pNwfp

� �
þ c4 sinh 2pNwfp

� �� � (B1c)

Cn
4 ¼ � 1 � 2

IL

I0

� �
c1 sin 2pNwð Þ � c3 cos 2pNwð Þ½ � (B1d)

Cd ¼ c2
3 � c2

1

� �
cosð4pNwÞ þ c2

2 þ c2
4

� �
coshð4pNwfpÞ

� 2c1c3 sinð4pNwÞ þ 2c2c4 sinhð4pNwfpÞ ðB1eÞ

with

c1 ¼ 1 þ f 2
p � f 2

w ; (B2a)

c2 ¼ 1 þ f 2
p þ f 2

w ; (B2b)

c3 ¼ �2fpfw; (B2c)

c4 ¼ 2fw: (B2d)
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